In resin transfer molding, the manufacture of the fiber preform controls many aspects of part quality. These include defects such as wrinkling and tearing, as well as spatial variations in fiber volume fraction and permeability. We develop a mathematical model and numerical method for analyzing preforming of random fiber mats. The model uses an ideal forming theory, which maps a fiber sheet to the mold surface by minimizing the integral of a formability function over the mold surface. The scalar formability function depends on the local deformation, and exhibits large values under conditions that promote either tearing or wrinkling of the mat. The model is implemented as a finite element simulation for arbitrarily shaped three-dimensional preforms. Results include the shape of the initial fiber sheet, and values of the formability function and the principal stretch ratios over the mold surface. This information is used to predict the presence of defects in the preform. Example calculations are shown for an axisymmetric hat shape and for a box with a flange. The calculation requires a modest amount of input data and, rather than predict the exact result of the forming operation, it shows the best result that is possible. Thus, it is a useful tool in the early stages of part and mold design. * current address: Exxon
Introduction
Resin transfer molding (RTM) is a process for producing fiber-reinforced polymeric parts in final shape.
The first step of the process is the manufacture of a fiber preform, having the shape of the final part, which serves as the reinforcement for the composite. The preform is placed inside a closed mold, and a polymeric resin is injected into the mold to fill the spaces between the fibers. The resin then cures, forming a stiff solid composite that can be removed from the mold.
Preforming techniques can be grouped into two classes: thermoforming and short fiber deposition [1] .
This investigation focuses on the thermoforming process, where a planar sheet of fibers is deformed by pressing and stretching to conform to the surface of a mold. Random fiber mats, woven fabrics, and combinations of the two are used in sheet forming operations. The fibers are coated with a thermoplastic binder which, at room temperature, serves to link the fibers at crossover points, providing some rigidity to the mat.
The mat is heated prior to forming, which allows the fibers to slide easily past one another. After forming, the mat is cooled to room temperature. At this point the binder is again hard and provides structural rigidity to the preform, so that it can be handled without further deformation.
Preforming influences production efficiency and part quality in two ways. First, forming defects such as wrinkles, tears, fiber breakage, and areas of high or low fiber volume fraction may be introduced. These defects have an obvious impact on the appearance and structural performance of the part. Second, preforming affects the mold-filling step, since the local density and orientation of the fibers determines the permeability, which controls resin flow during filling.
Numerical simulations of RTM mold filling are new widely available [e.g., 2, 3] , and models that predict the local permeability have begun to appear [4, 5] . In contrast, our understanding of preforming and our tools for modeling it are not so well developed.
Some preforming calculations have been developed for biaxial woven fabrics. Tucker [6] reviews this literature. Most calculations for woven fabrics use a "draping" algorithm. Each fiber is assumed to be inextensible along it length, and fibers are assumed not to slip at crossover points. With these kinematic assumptions, the mapping is completely determined by the placement of one warp fiber and one weft fiber on the tool surface. Calculations of this type are reported by Van West et al. [7] , Van Der Weeën [8] , and Rudd et al. [9] .
A much smaller literature exists for random, non-woven fiber mats. Fong et al. [10] conducted preforming experiments using Vetrotex CertainTeed's U750 continuous strand random mat. Punch tests were conducted on a cup-shaped preform. The results indicate that the material behavior is strain-rate dependent.
Experiments were performed to evaluate the compressibility and bending of the mat. The results indicate that the relationship between deformation modes and defects is very complex. In general, the results of this investigation show that forming defects are hard to predict.
Long et al. [11] developed a finite difference simulation of thermoforming for axisymmetric random fiber mat preforms. The forming model used the Levy-Lode equations of plasticity and a strain-hardening relationship. Uniaxial stretching experiments were conducted to investigate the stress-strain relationship for CertainTeed's U750 random fiber mat. In these experiments it was not possible to measure the local strain in the loosely-constructed random mat. The forming simulation is an incremental calculation in which a punch is progressively displaced into the preform, which is clamped rigidly along its periphery. At each step, equilibrium is enforced. The numerical predictions were compared with experiments on a hemispherical punch and a wheel hub. Experiments were conducted at different forming rates, and the results indicate that the material response is strain-rate sensitive, in accordance with the results of Fong et al. [10] . Since the model is not strain-rate dependent, comparisons were conducted using the experimental results for a forming speed of 50 mm/min. The model cannot simulate the forming process beyond the point of failure.
It is certainly possible to extend the approach of Long et al. to more general shapes. However, such direct mechanical calculations are computer intensive and require a great deal of material property data and constitutive modeling. Here we take a different approach, called ideal forming theory. Ideal forming theory considers only the initial and final states of the sheet, and it determines the best possible way to create the desired three-dimensional shape. The results include the local value of strain at each point in the preform (which may be used to predict wrinkling and tearing), and the initial shape of the fiber mat that must be cut to produce the optimal preform. This ideal forming approach does not require a constitutive model to relate stress to strain (or stress to strain rate). The only input data is the shape of the final part, and the forming limits of the material. Also, it is computationally efficient compared to direct simulations of the entire process. Thus, it is most useful at the early stages of part and mold design, where it allows designers to assess the feasibility of making a given shape without requiring extensive knowledge of the forming behavior of the fiber sheet.
The notion of ideal forming analysis was originally developed by Chung and Richmond [12] [13] [14] for metal forming operations. Chung and Richmond [13] define an ideal forming process as the one in which the plastic deformation is most evenly distributed in the final product. Interestingly, this corresponds to a maximum in the total plastic work, since the minimum total work solution contains regions of large, localized strain. Our method follows their philosophy, but uses a different principle that minimizes the integral of the formability function, a function that reflects the forming limits of the material. Related one-step, or inverse, calculations for sheet metal forming have also been developed using the deformation theory of plasticity [15] [16] [17] . See Dessenberger [18] for a comparison among these approaches.
The paper is organized as follows. Section 2 presents the basic mathematics of ideal forming theory. Section 3 shows how the theory is implemented in a finite element simulation for arbitrary surface shapes.
Two example calculations are presented in Section 4, highlighting the capabilities of the method. The paper closes with a brief discussion.
Forming Theory

Mapping and Strain
We assume that the thickness of the fiber mat is much smaller than its planar dimensions, and regard it as a two-dimensional sheet. The two-dimensional sheet of fibers is described by material coordinates X i which correspond to the global spatial coordinates x i at some reference time (see Fig. 1 ). Initially the sheet lies in the X 3 = 0 plane, such that any material point has coordinates (X 1 , X 2 ). The final shape of the preform is determined by the tool surface. We establish a set of curvilinear surface coordinates (u 1 , u 2 ) on the (known) tool surface, and describe the shape of the tool by giving the spatial coordinates x i as functions of the surface coordinates:
Note that Latin indices i, j, k take on values of 1, 2, and 3, while Greek indices α, β, γ take on the values of 1 and 2 only. Repeated indices will imply summation over the appropriate range. In ideal forming, one seeks to map each material point in the initial flat sheet to a point on the surface of the tool. Thus, one must calculate the mapping
Once this mapping is established, the local deformation of the sheet can be described by the inverse of the left Cauchy-Green strain tensorB 
Now, one may define a surface Cauchy strain tensor B −1 as
The surface Cauchy strain tensor describes the in-plane strain on the surface of the preform. In terms of the reference and surface coordinates, the surface strain can be written as
αβ is referenced to the surface coordinates. Since B αβ is symmetric it possesses real eigenvalues and eigenvectors. Let e 1 and e 2 be the eigenvectors of B −1 αβ . These vectors are tangent to the tool surface, and can be used to establish a local Cartesian coordinate system in the plane of the deformed sheet. In this local system the surface Cauchy strain tensorB
where λ 1 and λ 2 are the principal stretch ratios. Each principal stretch ratio is the ratio of an initial material length to the final material length along the direction of the corresponding eigenvector.
Ideal Forming Theory
Assuming that the mat is isotropic, or at least transversely isotropic in the plane of the fibers, the local state of strain is completely described by the stretch ratios defined in Eq. (7). In-plane isotropy is a good assumption for the random fiber mats used in many RTM preforms. The occurrence of preforming defects such as wrinkling and tearing can be characterized with a forming limit diagram, similar to those used in sheet metal forming [20, 21] . As shown in Fig. 2 , the forming limit diagram divides the strain space of λ 1 and λ 2 into regions where defects (wrinkle or tears) are most likely to occur, and regions of acceptable deformation. Experiments are needed to evaluate the points U, P and B which mark the boundaries of the acceptable region of principal strains. Point U can be determined from a uniaxial elongation test, point P from a pure shear test, and pint B from an equi-biaxial stretch test. The boundary PB is found from biaxial stretching experiments performed at various values of λ 1 and λ 2 .
A good forming process is one that keeps the local strain at every point in the preform away from the boundaries UO and UPB. To achieve this optimal mapping, we seek to minimize the following integral over the initial sheet of fibers S o :
W is a formability function that depends on the local deformation in the mat, an reflects the forming limits of the material. W is a scalar function of the two principal stretch ratios. It is minimum at the point of no deformation (λ 1 = λ 2 = 1) and increases monotonically with distance from this point. Furthermore, W should increase rapidly in the vicinity of the boundaries of the acceptable forming region. The formability function for any given mat must be determined experimentally using data from the forming limit diagram.
Mathematically, the optimal mapping is found by finding the minimum of the integrated formability function (Eq. (8)) with respect to the vector of nodal material coordinates X. This extremum requires
This yields the optimal mapping between the material points in the initial sheet and material points on the part surface. The mapping is optimal in the sense that the deformation is minimized over the entire surface, and the local strain states are encouraged to lie within the forming limits of the material. If it is not possible to deform the material without violating the forming limits, the theory will provide the mapping that yields the lowest amount of violation.
Once the optimal mapping is determined, the values of the formability function reveal any defects in the preform. Using the constraint vector, the preform can be color-coded to show the location and types of defects present. In addition, plotting the mapping of the tool boundary in the material coordinates
) reveals the initial shape of the fiber sheet required to manufacture the ideal preform. This type of data is useful in the design of fiber preforms.
In this investigation, we use the following formability function
The first two terms on the right-hand side help to keep the deformation state as close to the unstrained state (λ 1 = λ 2 = 1) as possible. The third term is a quadratic penalty function used to enforce the forming limits of the material [see 22, page 208] . c is a constraint vector constructed from the lines defining the boundaries of the acceptable region on the forming limit diagram. At any given strain state (λ 1 ,λ 2 ), the constraint vector c contains only those constraints that are violated. α is a non-negative penalty parameter controlling the strength with which the forming limits are enforced.
Dessenberger and Tucker [23] describe the experimental determination of a forming limit diagram for Vetrotex CertainTeed's U750 continuous strand random fiber mat. Using the forming limit data, one may construct the components {c 1 , c 2 , c 3 } of the constraint vector c. Each component is the equation of a line defining a forming limit of the material. In this manner, the forming limits are incorporated into the formability function.
Based on the forming limit diagram, the constraint vector for Vetrotex CertainTeed's U750 mat is (as-
c 3 = max(−λ 2 + 7.000λ 1 − 7.050, 0) (13) Figure 3 shows a contour plot of the formability function W using a penalty parameter α = 100. W is low in areas where the deformation is small, and increases rapidly in the vicinity of the material forming limits.
Numerical Solution
Data Structure
The tool surface is conveniently described by a finite element mesh fixed in the global coordinates (
Here we use four-node bi-linear quadrilaterals and three-node triangular elements.
The forming theory requires surface coordinates on the surface of the tool, (u 1 , u 2 ). Rather than construct continuous coordinates that span the entire tool surface, we define a local Cartesian surface coordinate system in the plane of each element. Thus, every element has its own surface coordinate system, and the surface strain tensor is calculated relative to this local coordinate system. The finite element interpolation functions N i (u 1 , u 2 ) depend on these coordinates.
The primary unknowns are the material coordinates (X 1 , X 2 ) at each node. These are organized into a solution vector {a}, with
. . .
Here, the superscript denotes the coordinate (1 or 2) and the subscript indicates the node number. Within each element the material coordinates are interpolated using standard finite element approximations,
where [N(u α )] is a vector of element shape functions. The global coordinates (x 1 , x 2 , x 3 ) at any point within an element are interpolated in the same way, from the global coordinates of the nodes.
Finite Element Equations
In our ideal forming theory, the optimal mapping between initial and final material points is established by minimizing the integral of the formability function over the initial fiber sheet S o , Eq. (8). However, the initial sheet geometry is determined by the calculation, so it is convenient to evaluate the integral over the tool surface, which is both known and fixed. The incremental areas on the initial sheet and tool surface are related by the Jacobian J as d S o = J d S, with
Thus, Eq. (8) can be written as
whereW is a modified formability function. Using Eq. (10), we havẽ
Mathematically, the minimum is determined by requiring that the derivative of with respect to the initial sheet configuration be zero:
The Newton-Raphson method is used to solve Eq. (19) . Defining a residual vector R i as
we seek a solution vector a j that makes R i = 0. This is done iteratively using the Newton-Raphson method, where the solution vector increment a j at each iteration is found from (20) and (21), it is necessary to calculate the derivative of the modified formability functionW with respect to the nodal material coordinates a j .W as expressed in Eq. (18) is a function of the principal stretch ratios λ 1 and λ 2 . Recall that the principal stretch ratios are functions of the eigenvalues of the inverse surface Cauchy strain tensor B −1
αβ , which in turn is referenced to the surface coordinates (u 1 ,u 2 ). Using the chain rule, the derivative of the formability function with respect to the initial material coordinates a j can be written as
The first term, ∂W /∂λ κ , is easily evaluated, sinceW is an explicit function of λ 1 and λ 2 . The second term,
αβ , is more involved, as it relates the change in the eigenvalues of the tensor with respect to the individual components of the tensor. These results are derived by Dessenberger [18] . 
where the index s runs from one to the number of nodes in the element. Differentiating these expressions gives the components of the third term in Eq. (22) as
Here X α j is the initial material coordinate in the α direction at node j . Returning these results to Eqs. (22) and then to (20) allows R i to be evaluated by integrating over each element and assembling the results. The tangent stiffness matrix requires a second differentiation with respect to a j , which is carried out in the same manner. The complete results are tabulated in [18] .
Boundary Conditions
It is possible to prescribe one or both of the initial material coordinates (X 1 , X 2 ) at any node. At a minimum, enough boundary conditions must be specified to constrain the initial sheet against free-body translation and rotation. This usually entails specifying both material coordinates (X 1 , X 2 ) at one node to prevent translation, and specifying one coordinate for at least one additional node to prevent rigid body rotation. In some cases, such as along a symmetry boundary, many nodes may have prescribed material coordinates.
Solution: Inner Loop
The simulation contains an inner loop and an outer loop. The main (inner) loop calculates the residual and tangent stiffness matrix, imposes the boundary conditions, and solves Eq. (21) to determine the solution update vector a j . For the first pass, the initial guess is calculated by projecting the three-dimensional tool surface onto a plane. The projection direction v = (v 1 , v 2 , v 3 ) is provided by the user.
Often, it is not advantageous to take the full Newton-Raphson increment. Physically, the mapping must be invertible and unique. However, these constraints are not incorporated into the finite element equations.
Thus, it is possible for the Newton-Raphson increment to violate this physical requirement. We maintain a physically plausible mapping at all times by requiring that the Jacobian be greater than zero at every corner of every element. At each iteration the solution is then updated according to
where τ is a reduction factor.
After solving for a i , τ is set to unity and the Jacobians at each element corner are checked. If any Jacobian is zero or negative, the value of τ is halved and the check repeated. This procedure continues until either the Jacobians are positive at every element corner, or the value of τ is less than some tolerance. If the value of τ is greater than the tolerance, then the material coordinates are updated using Eq. (29), and the iteration is complete. If τ is less than the tolerance, then the simulation aborts.
Updating the solution vector a j completes one iteration. The inner loop repeats this iteration until convergence, when the L2 norm of the residual |R i | falls below a user-specified tolerance.
Solution: Outer Loop
The inner loop minimizes for a given value of the penalty parameter α. The outer loop adjusts the value of α to minimize the number of defects in the preform. At the end of each inner loop, the number of elements with defects (wrinkles or tears) in the preform is determined. Defects are found by examining the value of the constraint vector c, Eqs. (11)- (13), at the centroid of each element.
Initially, the penalty parameter α is set to zero. This means that the forming limits of the material are not taken into account during the first minimization process. For convergence purposes, it is necessary to perform an initial calculation using no penalty function, and then slowly increase the penalty parameter to create stronger enforcement of the constraints [22, 24] . Thus, there may be a large number of predicted defects during the first minimization. At this point, the number of defects is stored, the penalty parameter set to unity and the inner loop is repeated. The previous converged solution provides the initial guess for the next pass through the inner loop.
On the second pass the forming limits of the material are incorporated into the formability function, and one expects the number of defects to decrease. The number of defects is again calculated and compared to the previous value. If the number of defects decreases, then the penalty parameter is doubled and the inner loop is repeated. In this manner, the mapping is gradually modified to keep the local strain state within the forming limits of the material. This procedure is repeated until either the number of defects remains constant for two successive values of the penalty parameter, or the number of outer-loop iterations exceeds a user-specified maximum. This gives a robust calculation, while maintaining maximum enforcement of the forming limits.
Example Calculations
Hat Preform
First, consider an axisymmetric hat-shaped preform. Figure 4 shows the mesh and boundary conditions.
Due to symmetry only one-quarter of the hat is meshed. The mesh consists of 672 nodes and 628 elements.
To enforce the symmetry boundary condition, nodes on the right side of the mesh are constrained to lie along the X 1 axis, while nodes on the left side of the mesh are constrained to lie along the X Two analyses were performed on the hat preform using different boundary conditions along the outer radius of the part. The first analysis used a free edge condition, so that material is either added or removed as required to minimize the deformation. Figure 5 shows the results for the free edge condition. The bottom region has modest equi-biaxial deformation with about 5% stretching in each direction, and a low value of the formability function W . In the flange region the minimum stretch ratio λ 2 is substantially less than one and W is relatively large. This suggests that the flange region will wrinkle. The initial radius of the preform is 1.341 for this case, indicating that a modest amount of material would be drawn in at the outer boundary during forming.
The second case used a fixed boundary condition along the outer radius, specifying the radius of the initial fiber sheet. During actual forming operations, tension is often applied along the mat periphery to limit the amount of material drawn-in during the process. A fixed boundary condition mimics the application of tension in the actual forming operation. An initial radius of r = 1.22 units was used in this analysis. represents a very small amount of draw-in at the rim. Overall this is a much more desirable result than the free-edge case in Fig. 5 , and shows that this boundary condition can give a defect-free preform. These two results correspond nicely to the experiments of Fong et al. [10] on a cup-shaped preform, similar to the hat preform analyzed here. Those experiments showed that wrinkles occur in the flange region when no tension is applied to the outer radius of the preform, corresponding to the free edge boundary condition in the simulation. When tension is applied to the outer edge during forming the wrinkles are removed, but thinning (tearing) occurs in the center region of the preform. The tension case is similar to the fixed boundary condition, as tension limits the amount of material pulled into the apparatus during forming.
Box with Flange Preform
Now consider the forming of a boxed-shaped preform with a flange. Only one-quarter of the preform is modeled due to symmetry. The mesh consists of 1250 nodes and 1182 elements. The base is 2. Figure 8 shows the shape of the initial sheet required to produce the optimal preform. The width of the box along the left edge is 1.604 units and the length along the top edge is 2.578 units. Figure 9 shows how the penalty parameter value α and the number of elements containing defects change during the outer iterations. Recall that the penalty parameter controls the strength with which the constraints are enforced. From Fig. 9 , a rather large value of the penalty parameter, say α > 100, is required to provide a substantial reduction in the number of defects. Unfortunately, one cannot simply set α to a high value on the first pass, because of convergence problems. The value of the penalty parameter must be increased slowly to provide reliable convergence. Beyond some large value, further increases in α do not affect the results, as the forming limits of the material have become completely enforced.
Summary and Conclusions
In this investigation, an ideal forming theory was developed to model the manufacture of thermoformable random fiber mat preforms. The theory is philosophically similar to the ideal forming theory developed by
Chung and Richmond [12] [13] [14] for modeling sheet metal forming processes, but uses a different principle.
The ideal forming theory establishes a one-to-one mapping between material points in an initially flat sheet and points on the tool surface, by minimizing the integral of a formability function. The method seeks to minimize deformation of the sheet while staying within the forming limits of the material. The material forming limits must be experimentally determined, for example as described by Dessenberger and Tucker [23] . The incorporation of forming limit data into the formability function, and thus into the ideal forming analysis, is a unique feature of our method.
This ideal forming theory was implemented in a finite element simulation for arbitrarily shaped threedimensional preforms. Material forming limits are enforced using a quadratic penalty function. The governing equations are highly nonlinear, and may not converge if the initial solution is far from the final solution.
We avoid this difficulty, and provide a robust calculation, by ignoring the forming limits in the first trial solution, and increasing the penalty parameter gradually in an outer loop, until the number of elements with forming defects becomes constant. The final mapping is optimal, in the sense that it gives minimal deformation over the tool surface and produces the fewest defects (wrinkles and tears) in the preform. The results of the simulation include local values of the formability function, major and minor stretch ratios, location and type of defects, and the initial shape of the mat required to produce the optimal preform. The results of this ideal forming analysis represent an upper bound on the feasibility of forming a given shape from a given material. An ideal forming calculation that predicts no defects does not guarantee a successful forming operation. However, an analysis that does predict defects guarantees that the forming operation will be unsuccessful. This assessment can be obtained using a modest amount of input data: a finite element mesh for the final shape and the forming limits of the material. Thus, the forming analysis developed here should be useful in the design phase of RTM parts, to help minimize defects in the preform and to help design an effective forming process. 
